We demonstrate the reconstruction of multifocal structured illumination microscopy images using a joint Richardson-Lucy deconvolution algorithm, named jRL-MSIM, which is based on an underlying widefield image-formation model and particularly well suited for noise corrupted data. One of the most prominent methods in the field of optical superresolution is structured illumination microscopy, SIM [1] . In its traditional implementation a sinusoidally modulated intensity pattern is used for sample illumination. Spatial frequencies in sample and excitation structures mix, and high frequency details contained in the sample become encoded in low frequency beat patterns, from which a high resolution image can be reconstructed. A particular modality of structured illumination microscopy is called multifocal SIM, MSIM [2] . In this variant multiple diffraction limited spots, rather than sinusoidal illumination patterns, are used to achieve super-resolution by treating the pixels on a widefield detector as tiny pinholes, akin to a parallelised version of confocal microscopy. For these reasons, the conventional algorithm for MSIM reconstruction [2] uses a confocal image formation model:
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where i( x) is the recorded image, s( x) is the fluorophore structure, e( x) is the excitation light, and PSF det ( x) the detection point spread function, which limits resolution due to diffraction by the objective lens. The symbols · and ⊗ denote multiplication and convolution operations, respectively. In confocal microscopy the excitation pattern is a single diffraction-limited spot such that e( x) = PSF ex , where PSF ex is the illumination point spread function. In MSIM a regular pattern of such spots is used to parallelise the process. The conventional reconstruction algorithm in MSIM disassembles the recorded data from a parallelised to a sequential form and processes every single illumination spot individually to restore a super-resolved image. In contrast to conventional processing our MSIM reconstruction model treats all illumination points together as a widefield illumination structure:
This is made possible by combining the multitude of illumination spots as a single pattern consisting of a twodimensional diffraction-limited delta comb, X T , with period T :
In Fourier space, denoted by capital letters and with spatial frequency k, Eq. 3 becomes:
Similar to SIM with sinusoidal illumination patterns, the excitation light's delta pulses in the frequency domain provide access to higher spatial frequencies by shifting information into the passband of the optical transfer function, OTF. To split the individual frequency bands, a number of individual images need to be acquired with spot patterns appropriately shifted between acquisitions. The individual split frequency bands can then be repositioned and the resolution is increased twofold. However, because a much greater number of frequency components have to be extracted and repositioned, this operation is far more complex than in the standard SIM case. However, a different way of processing widefield SIM data was introduced by Ingaramo et al [3] in the form of joint Richardson-Lucy deconvolution, jRL. The algorithm performs the reconstruction without the need of band-separation and repositioning and incorporates an image deconvolution process. Furthermore, as jRL is an improved version of conventional RL deconvolution, it is particularly capable of handling images corrupted by Poisson noise. The jRL algorithm requires a mathematical model of the image formation process to iteratively combine a multitude of single raw data files into the final superresolved image by maximising the likelihood of an estimated super-resolved imageŝ to be the source of the measured raw images i when imaged in the presence of Poisson noise:
In this matrix notation images are represented in vectorized form, i.e. the N×N super-resolved image i jRL ( x) becomes a vector i jRL of length N 2 . Similarly the M measured raw images are treated as a single vector i with length N 2 M and H is a matrix of size N 2 ×N 2 M that incorporates the imaging procedure; b is the background. In the case of jRL-MSIM the matrix H consists of a multiplication of M diagonal matrices Ex m that describe the widefield excitation patterns and the blur-kernel B, a Toeplitz-matrix that performs the convolution with PSF det ( x) [3] . The left rendering shows the sum of all raw images to produce a widefield image; the right rendering was generated using the jRL-MSIM algorithm. Especially in the cross sections through the volume the successful rejection of out-of-focus light and higher contrast through digital pinholing and the additional apparent increase in resolution in the z direction can be seen.
We tested our algorithm on simulated as well as on real data and found that, additionally to lateral resolution doubling and proper noise handling, jRL-MSIM is capable of analysing three-dimensional data. Although jRL-MSIM does not explicitly improve the resolution along the imaging axis, digital pinholing of the raw data leads to a significant contrast enhancement along z, which is a property well known in confocal microscopy. The rejection of out-of-focus light reduces blur and therefore causes an apparent increase in resolution. This is shown in Figure 1 . The reconstruction software which implements the jRL-MSIM algorithm in an easy to use software package, including manual and example files, is freely available at laser.ceb.cam.ac.uk.
